We derive an -uniform error estimate for the rst-order upwind discretisation of a model convection-di usion boundary value problem on a non-uniform grid. Here, is the small parameter multiplying the highest derivative term. The grid is suggested by the equidistribution of a power of the solution gradient. The use of equidistribution principles appears in many grid adaption schemes and our analysis indicates the convergence behaviour on such grids. Numerical results are given that con rm the -uniform convergence rate.
Introduction
This paper is concerned with an upwind nite di erence approximation of the model singularly perturbed boundary value problem Lu = ? u 00 (x) ? p(x)u 0 (x) = 0 x 2 (0; 1) u(0) = 0; u(1) = 1; ) (1.1) where 0 < < 1 is a constant di usion coe cient. Furthermore, we assume that p(x) 2 C 2 0; 1] and that there exist constants a, b and P such that p(x) P > a > 0; (1.2) and b = max 0 x 1 fp(x); jp 0 (x)jg; 8x 2 0; 1]:
(1.
3)
The solution of (1.1) has a steep layer of order O( ) at the left-hand boundary which is well known to be di cult to approximate e ciently by most numerical methods using a uniform grid. For example, the standard second-order central di erence scheme, applied to a constant coe cient version of (1.1) with p(x) = p, produces oscillations unless the number of grid cells N > p= (2 ) , which will be prohibitively large for small . These oscillations not only pollute the solution at the boundary layer but throughout the whole domain. There are two possible remedies for such problems. The rst is to use a numerical discretisation that explicitly uses the fact that the solution of (1.1) is exponential in nature. Many such methods have been proposed including those of Allen and Southwell 1], Il'in 6] and Stynes and O' Riordan 10] . These exponential based methods aim to produce an accurate approximation even on a relatively coarse grid. The main di culty with this approach is the extension of these methods to multidimensional problems in complex domains.
The second strategy is to use a relatively simple discretisation in conjunction with a suitably chosen non-uniform grid. If information is available about the exact solution then highly appropriate non-uniform grids can be generated. Examples of this approach are the exponentially graded grids of Gartland 5] and the piecewise uniform grids of Miller et al 8] . Both of these approaches are again based on the a priori knowledge of the exponential nature of the solution and are again not easily extended to complex multidimensional problems.
A more practicably useful idea is to use an adaptive non-uniform grid. A commonly used technique for determining the grid points is to the require that they equidistribute a positive function of the numerical solution over the domain. For singular perturbation problems an obvious choice of adaptivity criteria is the solution gradient. In this paper we analyse the standard rst-order upwind nite di erence discretisation of (1.1) on a non-uniform grid that is suggested by equidistribution of appropriate powers of the solution gradient. Early, numerical experiments with these adaptive grids suggest that the max 0 j N ju(x j ) ? u j j < c N ; (1.4) where the constant c is independent of N and the singular perturbation parameter, . The work presented here is very much based on the analysis of Qiu and Sloan 9]. They prove that the standard rst-order upwind scheme is -uniformly rst-order accurate. However, their proof requires the use of an unnecessary assumption that limits the applicability of their results. The main contribution here is to derive a -uniform bound without the need for these limiting assumptions. The layout of the rest of this paper is as follows: in the next section we describe the upwind nite di erence discretisation and the non-uniform grid that is suggested by adaptivity with respect to the solution gradient. In section 3 we present the error analysis. In the nal section we present numerical experiments to test the derived error estimates. Throughout all of the rest of this paper, c will denote a generic constant that is independent of N and .
2 Discretisation and non-uniform grid 2.1 Model problem and nite-di erence discretisation
We will consider a di erence approximation of (1.1) on a non-uniform partition = f0 = x 0 < x 1 < < x N?1 < x N = 1g; where h j = x i ?x j?1 . In particular, we are interested in analysing the standard rst-order upwind discretisation of (1.1), which takes the form (L u ) j = ? The e ect of increasing m is to smooth the monitor function, which in turn leads to a smoother distribution of grid nodes. For a truely adaptive algorithm, the monitor function has to be approximated from the numerical solution. However, to gain some insight into the analysis of methods on adaptive grids, we will assume that equidistribution is carried out with M being calculated from an simple analytic approximation of the exact solution of (1.1). For a constant coe cient problem, p(x) = p, and M calculated from the exact solution, equidistribution yields the mapping We are therefore interested in the convergence of the discretisation (2.1) using the nonuniform grid (2.7). For the following analysis we require bounds on u(x) and it's derivatives. One nal useful observation about u(x) is that 0 < u 0 (y) < u 0 (x); 8x; y 2 0; 1]; y > x: (3.5) Therefore, the solution is always monotonically increasing.
The local truncation error
The local truncation error at node x j of (2.1) is given by
where R is a restriction operator such that (R u) j = u(x j ). It can easily be shown using Peano's kernel theorem that (3.6) can be expressed as (3.13) Since we are mainly interested in singular perturbation problems where is small compared with a, we see that neither of these restrictions are at all prohibitive.
A global error bound
The global error analysis in this section is very similar to that of Qiu and Sloan 9], which is a generalisation of the earlier work of Kellogg and Tsan 7] to non-uniform meshes. The following lemma is crucial to obtaining bounds on the maximum nodal error. Proof It is easy to verify that the (N + 1) (N + 1) matrix associated with L is an irreducible M-matrix, and so has a positive inverse. Hence the result follows. 2
When the conditions of Lemma 3.2 are satis ed, we say that v is a barrier function for u . To obtain tight error bounds we also need the following lemma. To carry out the analysis we start by looking at the error at the point x N?1 . Since e j may be be replaced by ?e j , we see that je j j < c N ; j = 1; 2; : : : ; N ? 2 and this completes the proof. 2 4 Numerical results Table 1 shows the maximum nodal error of the computed solution of (1.1) with p(x) = 1, a = 1=2 and m = 2. The results clearly indicate an -uniform convergence rate of order 1. To give some indication about the optimal choice of m, Fig. 1 shows the maximum nodal error as a function of the ratio a=m for the case = 10 ?3 . For each value of N, the minimum error occurs when a m 2 5 . Carey and Dinh 4] have shown that the grid that asymptotically minimises the L 2 norm of the error of a piecewise linear interpolant is generated by equidistribution of M = (u 00 ) 2=5 . For this constant coe cient problem, higher derivatives of the exact solution are simply multiples of the rst derivative and hence equidistribution of M = (u 00 ) 2=5 will give the identical grid to equidistribution of M = (u 0 ) 2=5 . The coincidence between the observed optimal value of a M and that proposed by Carey and Dinh 4] is remarkable. A further observation from Fig. 1 is that the maximum nodal error appears to behave quadratically around the optimal choice of a m and that this behaviour is essentially invariant with respect to N if the error is plotted on a log scale. These observations are in line with the results of Babuska and Rheinboldt 2] on the analysis of optimal meshes for nite element methods for self-adjoint boundary value problems. Clearly, an analogous behaviour is being demonstrated here for the maximum nodal error of the rst-order upwind nite-di erence discretisation of a nonself-adjoint problem. Table 2 and Fig. 2 show the results for a variable coe cient problem where p(x) = 1=(1 + x) and a = 1=3. Again we observe uniform rst-order convergence of the error and the optimal value of a=m is approximately 2=5.
Conclusions
We have presented an error analysis of the standard rst-order upwind approximation of a singularly perturbed boundary value problem. If the discretisation is performed on a grid that is similar to that suggested from equidistribution of a power of the solution gradient, then the error converges at a rate of rst order, independently of the singular perturbation parameter. The analysis presented here is an improvement on the similar analysis of Qiu and Sloan 9].
An immediate extension of this work will be to consider inhomogeneous boundary value problems. The grids used in this paper will be unsatisfactory for such cases due to the large grid spacing in the region exterior of the boundary layer. This can easily be overcome by considering equidistribution of the monitor function
where is a constant that could depend on and m and acts as a oor on the monitor function. A similar device is used to aid the calculation of adaptive grids based on approximations of the unknown solution 3]. Finally, the eventual aim is to analyse the convergence of discretisation schemes when the adaptive grid is found as part of the solution process. This problem is inherently non-linear but work is currently proceeding in this direction. 
